We consider a kinetic BGK model relaxing to isentropic gas dynamics previously introduced by the authors, but with Dirichlet boundary condition on the incoming velocities. We pass to the limit as the relaxation parameter tends to zero by compensated compactness inside the domain, and obtain that the limit satis es entropy inequalities on the boundary involving weak traces of entropy uxes. Our method is very general and could be applied to any entropy satisfying BGK model as soon as we have strong compactness of the macroscopic variables inside the domain.
Contents
We consider the one-dimensional system of isentropic gas dynamics ( @ t + @ x ( u) = 0; @ t ( u) + @ x ( u 2 + ) = 0; t > 0; x > 0;
(1.1) with (t; x) 0; u(t; x) 2 R and > 0; 1 < < 3, with initial data (0; x) = 0 (x); (0; x)u(0; x) = 0 (x)u 0 (x); x > 0; (1.2) and Dirichlet boundary conditions for any S and G S suitable entropy and entropy ux for (1.1) parametrized by a convex function S with subquadratic growth that will be de ned precisely in the next section. It is well-known that (1.3) cannot be satis ed everywhere, therefore one has to introduce a weaker formulation. In 13], Dubois and Le Floch proposed two formulations for the boundary condition; one based on a Riemann problem in a half-space, and another based on entropy boundary inequalities derived from a viscosity approximation. Here we consider boundary conditions of the second kind, which are de ned as G S ( ; u) G S ( b ; u b ) 0 S ( b ; u b ) (F ( ; u) F( b ; u b )) 0; in ]0; 1 t f0g x ; (1.5) where F( ; u) = ( u; u 2 + ) is the ux of the system, overbars denote weak traces (and will be de ned later on), and prime denotes di erentiation with respect to conservative variables ( ; q u). The for any ' 2 D(]0; 1 t 0; 1 x ), ' 0. We notice that according to 2], (1.1) allows to de ne the weak trace of F( ; u), and the entropy inequalities (1.4) allow to de ne the weak traces of G S ( ; u) for any S (see Section 6). Since we consider data that can contain vacuum b = 0, and since S is not di erentiable at 0, this formula has to be generalized, see (1.22)-(1.23). We recall that in the scalar case, the weak entropy boundary conditions (1.5) give a unique solution, as proved by Otto 28] . The aim of this paper is to obtain the existence of a solution to the initialboundary value problem, for arbitrary L 1 initial-boundary value data. Indeed we are able to obtain it from the relaxation of an entropy compatible BGK model with Dirichlet condition on the incoming velocities, by a very general method that uses mainly the subdi erential inequality that characterizes the entropy compatibility of the kinetic model, as proved in 8]. We need only to know some a priori bound on the macroscopic variables, and their strong compactness. Here it is obtained by the existence of kinetic invariant domains and by compensated compactness. Our method could be used, for example, in the context of 27] to prove that the relaxation limit gives the right boundary conditions. In the BV context, the gas dynamics in lagrangian coordinates was considered in 21]. The existence of a strong trace for BV functions is used for boundary conditions since 3], in which they got the rst existence and uniqueness result in the scalar case. Other hyperbolic systems with boundary conditions in the BV context can be found in 15] for small data and together with a relaxation approximation in 34] for a uniqueness result, and in 25] for regular solutions. BGK approaches for scalar conservation laws with boundary conditions can be found in 24], 27], 22]. In the less restrictive context of L 1 or L 1 functions, the existence of a strong trace is a di cult problem that has only be solved in the scalar case in 33], and in general weak trace formulations have to be taken into account, as introduced in 28] .
Relations between the two sets of expected boundary values of 13] is an interesting problem. The fact that these sets are not equal was established in 5], in which they give a condition for the coincidence for 2 2 systems. General systems of conservations laws are considered in 17], where they give existence from Godunov schemes and viscous approximation and also prove in this context that the boundary values derived from the viscous approximation contains the one derived in terms of the boundary Riemann problems, and the falsity of the converse in general. The p-system in the interval 0 We obtain for these solutions a maximum principle and a compact support property. In order to pass to the limit, we impose the boundary condition to be maxwellian. We also assume that initial data and boundary conditions lie in an invariant domainD of the system, D = f( ; u) 2 R + R; = 0 or ! min ! 1 ! 2 ! max g; (1.20) where ! 1 and ! 2 are the Riemann invariants of the system, de ned by
(1.21)
We refer to the next section for more details and for the expression ofD the kinetic invariant domains associated toD. We have the following convergence result. In Section 2, we de ne precisely the kinetic model. We prove in Section 3 the existence of a BGK solution with boundary condition. In Section 4, we give uniform bounds for the obtained sequence of solutions in order to pass to the limit in Section 5 and to get the boundary condition (1.22) . Finally, in Section 6, we give basic features on weak traces that are used in this paper.
Kinetic model
In this section, we present in more detail the kinetic model we consider. This The kinetic Riemann invariants are de ned for f 6 = 0 by 
Maximum principle
In this section, we obtain the uniform bounds for the solution of the BGK model. Let us rst introduce the notion of kinetic invariant domains for an initial-boundary problem. We nally get the boundary condition (1.22) as ! 0 by using the dominated convergence theorem with the measure div( S ( ; u); G S ( ; u)).
